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Summary

The GRAPE. j1 package implements Gradient Ascent Pulse Engineering (Khaneja et al., 2005),
a widely used method of quantum optimal control (Brif et al., 2010; Brumer & Shapiro, 2003;
Sola et al., 2018). lts purpose is to find “controls” that steer a quantum system in a particular
way. This is a prerequisite for next-generation quantum technology (Dowling & Milburn, 2003),
such as quantum computing (Nielsen & Chuang, 2000) or quantum sensing (Degen et al.,
2017). For example, in quantum computing with superconducting circuits (Koch et al., 2007),
the controls are microwave pulses injected into the circuit in order to realize logical operations
on the quantum states of the system (e.g., Goerz et al., 2017).

The quantum state of a system can be described numerically by a complex vector |¥ (%)) that
evolves under a differential equation of the form

H(e(t)| (1), (1)

where 7 is the reduced Planck constant and H is a matrix whose elements depend in some way
on the control function €(t). We generally know the initial state of the system |¥(¢ = 0)) and
want to find an €(t) that minimizes some real-valued functional J that depends on the state
at some final time T, as well as running costs on |¥(t)) and values of €(¢) at intermediate
times. A common example is the square-modulus of the overlap with a target state.

The defining feature of the GRAPE method is that it considers €(t) as piecewise constant, i.e.,
as a vector of values €, for the n'th interval of the time grid. This allows solving Equation 1
for each time interval, and deriving an expression for the gradient 0.J/0¢,, of the optimization
functional with respect to the values of the control field. It results in an efficient numerical
scheme for evaluating the full gradient (Goerz et al., 2022, fig. 1(a)). The scheme extends to
situations where the functional is evaluated on top of multiple propagated states {| ¥, (¢))} with
an index k, and multiple controls €;(t), resulting in a vector of values €,,; with a double-index
nl. Once the gradient has been evaluated, in the original formulation of GRAPE (Khaneja et
al., 2005), the values €,,; would then be updated by taking a step with a fixed step width « in
the direction of the negative gradient, to iteratively minimize the value of the optimization
functional J. In practice, the gradient can also be fed into an arbitrary gradient-based optimizer,
and in particular a quasi-Newton method like L-BFGS-B (Qi & contributors, 2022; Zhu et al.,
1997). This results in a dramatic improvement in stability and convergence (Fouquiéres et al.,
2011), and is assumed as the default in GRAPE. j1. Gradients of the time evolution operator
can be evaluated to machine precision following Goodwin & Kuprov (2015). The GRAPE
method could also be extended to a true Hessian of the optimization functional (Goodwin &
Kuprov, 2016), which would be in scope for future versions of GRAPE. j1.
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Statement of Need

There have been a number of implementations of the GRAPE method in different contexts.
GRAPE was originally developed and adopted in the NMR community, e.g., as part of SIMPSON
(ToSner et al., 2009) in C, and later as part of Spinach (Hogben et al., 2011) and pulse-
finder (Ryan & contributors, 2013) in Matlab. More recent implementations in Python,
geared towards more general purposes like quantum information, are found as part of the QUTIP
library (Johansson et al., 2013), C3 (Wittler et al., 2021), Qu0CS (Rossignolo et al., 2023), and
QuanEstimation (Zhang et al., 2022). The implementation of GRAPE. jl is also inspired by
earlier work in the QDYN library in Fortran (2025). GRAPE. j1 exploits the unique strengths of
the Julia programming language (Bezanson et al., 2017) to avoid common shortcomings in
existing implementations.

As a compiled language geared towards scientific computing, Julia delivers numerical per-
formance similar to that of Fortran, while providing much greater flexibility due to the
expressiveness of the language. The numerical cost of the GRAPE method is dominated by
the cost of evaluating the time evolution of the quantum system. GRAPE. j1 delegates this
to efficient piecewise-constant propagators in QuantumPropagators.jl (Goerz & contributors,
2025b) or the general-purpose DifferentialEquations.jl framework (Rackauckas & Nie,
2017).

GRAPE. j1 builds on the concepts defined in QuantumControl.jl (Goerz & contributors, 2025a)
to allow functionals that depend on an arbitrary set of “trajectories” {| ¥, (t))}, each evolving
under a potentially different ﬁk. In contrast to the common restriction to a single state | )
or a single unitary U as the dynamical state, this enables ensemble optimization for robustness
against noise (e.g., Goerz, Halperin, et al., 2014). The optimization over multiple trajectories
is parallelized. This makes the optimization of quantum gates more efficient, by tracking the
logical basis states instead of the gate U(t) Each FIk may depend on an arbitrary number of
controls {¢;(t)} in an arbitrary way, going beyond the common assumption of linear controls,
H=H,+et)H,.

Julia's core feature of multiple dispatch allows the user to define custom, problem-specific
data structures with performance-optimized linear algebra operations. This gives GRAPE. j1
great flexibility to work with any custom data structures for quantum states | U, (t)) or the
matrices Hy ({¢;(t)}), and enables a wide range of applications, from NMR spin systems to
superconducting circuits or trapped atoms in quantum computing, to systems with spatial
degrees of freedom (e.g., Dash et al., 2024). This also includes open quantum systems, as the
structure of Equation 1 holds not just for the standard Schrédinger equation, but also for the
Liouville equation, where | ¥, ) is replaced by a (vectorized) density matrix and H becomes a
Liouvillian super-operator (Goerz, Reich, et al., 2014).

The rise of machine learning generated considerable interest in using the capabilities of
frameworks like Tensorflow (Abadi et al., 2016), PyTorch (Paszke et al., 2019), or JAX
(Bradbury et al., 2018) for automatic differentiation (AD) (Griewank & Walther, 2008) to
evaluate the gradient of the optimization functional. This has the benefit that it allows for
arbitrary functionals (Abdelhafez et al., 2019, 2020; Leung et al., 2017, 2021). In contrast, the
GRAPE method and all of its existing implementations are formulated only for a “standard”
set of functionals that essentially measure the overlap of a propagated state with a target state.
Unfortunately, AD comes with a large numerical overhead that makes the method impractical.
Goerz et al. (2022) introduced the use of “semi-automatic differentiation” that limits the
numerical cost to exactly that of the traditional GRAPE scheme. It does this by employing
AD only for the evaluation of the derivative 8J/9(W, (T')|, and only if that derivative cannot
be evaluated analytically. GRAPE.jl is built on the resulting generalized GRAPE scheme.
As necessary, it can use any available AD framework in the Julia ecosystem to enable the
minimization of non-analytical functionals, such as entanglement measures (Goerz et al., 2015;
Watts et al., 2015).
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