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Summary

Kernel density estimation (KDE) is a valuable tool in exploratory analysis, simulation,
and probabilistic modeling across the sciences. However, its susceptibility to the curse of
dimensionality can make routine KDE prohibitively slow on large, high-dimensional datasets. A
central problem in KDE is the choice of the bandwidth of the kernels, which is oftentimes
solved by applying an empiric rule-of-thumb (ROT). Furthermore, estimation of non-normal
distributions is sometimes approached through non-constant bandwidths—so called adaptive
bandwith—which adds an additional layer of complication. For additional background on
KDE and bandwidth selection, see Silverman (1986), Scott (1992), Wand & Jones (1995) and
Jones et al. (1996).

ParallelKDE. j1 provides a fast, open-source KDE toolkit in Julia (Bezanson et al., 2017) that
provides extensible infrastructure to support a variety of methods with serial, multi-threaded and
GPU implementations. The package includes (i) a highly parallel implementation of established
KDE rules-of-thumb (ROTs) as well as (ii) an implementation of GradePro, a new algorithm
described in Sustay Martinez et al. (2025), engineered here for serial, threaded, and CUDA
backends. A lightweight Python wrapper, ParallelKDEpy exposes the same functionality to
Python workflows. Our goal is to make robust density estimation practical for large sample
sizes of moderate dimensionality through careful parallelization of, mainly, grid-based KDE
estimators.

Statement of need

Many researchers rely on Python implementations of KDE. Popular examples include SciPy's
gaussian_kde (SciPy developers, 2025; Virtanen et al., 2020) with automatic bandwidth
selection via ROTs; scikit-learn’s KernelDensity (Pedregosa et al., 2011; Scikit-learn developers,
2025), which also supports ROTs; statsmodels’ (Seabold & Perktold, 2010) KDEUnivariate
and KDEMultivariate estimators with ROTs and cross-validated bandwidths (Statsmodels
Developers, 2024); KDEpy's (Odland, 2018) FFTKDE with ROTs and plug-in rules (Sheather &
Jones, 1991); and X-Entropy (Kraml et al., 2021), which implements a plug-in rule. While
mature and widely used, these tools are CPU-centric and can become slow as data grow in
size and dimension, especially if many evaluations are needed in downstream tasks.

ParallelKDE. jl addresses this gap with:

1. A unified device interface so that the estimations can be executed on serial, threads (via
Julia's Threads.@threads), or GPU (e.g. via CUDA. j1) without changing user code;
2. Parallelized calculation of FFT-based KDE with ROTs and GradePro;
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3. A reproducible benchmark comparing against SciPy, scikit-learn, statsmodels and KDEpy
under matched estimation tasks.

Performance benchmarks

To demonstrate that our approach—moving density estimation to parallel execution or parallel
hardware—produces marked acceleration compared with standard CPU-based libraries, we
performed an extensive benchmark. We decided to carry it out in Python, since the most
popular KDE tools are provided for that ecosystem. To ensure consistent interface across
methods, we ran all experiments through our lightweight wrapper ParallelKDEpy. Naturally,
our tool can conveniently be used directly in Julia, too. We evaluated different methods on
synthetic data drawn from 1D and 2D standard normal distributions, generated with SciPy. For
compatibility with the existing Python tools, we executed CPU baselines single-threaded; in
addition, we benchmarked our CUDA implementation to exemplify the acceleration achievable
through parallel execution. To reproduce the benchmark, please refer to the corresponding
section in the README. md.

The results are shown in Figure 1 and Figure 2. Our implementations in ParallelKDE are
particularly fast for high-resolution grids and/or large datasets. Additionally, our novel method,
GradePro, achieves high accuracy on diverse distributions. While the CPU version is slower
than several 1D baselines and comparable in 2D, its performance is still competitive and the
extra computation yields better accuracy. In CUDA, the method’s parallelism is exposed,
making it faster and produces superior scaling with problem size. A detailed introduction of
GradePro along with an extensive investigation of its accuracy is provided in Sustay Martinez
et al. (2025).

Further comparison of GradePro with other methods is in progress. In the future, we aim
to provide general recommendations for users on the optimal choice of bandwidth selection
methods for different use-cases. Here, we focus on the software engineering aspects, which
enable our fast implementation.
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Figure 1: Benchmark of common KDE packages and their estimators—rule-of-thumb (ROT), plug-in,
and GradePro—along with estimators in ParallelKDE at different sample sizes. The estimations were
performed on data drawn from a standard normal distribution. In 1D, 100 and 100,000 samples were
used with a grid of 500 points. In 2D, 1,000 and 1,000,000 samples were used with a grid of 100
points per dimension. Reported runtimes are averages over 10 repetitions. Hardware: Intel Core i7-6700
(single-threaded) and NVIDIA GTX 1080.
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Figure 2: Benchmark of common KDE packages and their estimators along with estimators in ParallelKDE
at different grid sizes. The estimations were performed on data drawn from a standard normal distribution.
In 1D, 100 and 2,500 grid points were used with 10,000 samples. In 2D, 33 and 300 grid points per
dimension were used with 100,000 samples. Reported runtimes are averages over 10 repetitions. Hardware:
Intel Core i7-6700 (single-threaded) and NVIDIA GTX 1080.

Functionality

Design and architecture. ParallelKDE. j1 is organized around a minimal device interface that
isolates parallelism from algorithmic logic. We ship three backends:

= Serial CPU for portability and determinism;
= Threaded CPU using Julia's built-in multithreading;
= CUDA GPU via CUDA. j1 (Besard, Foket, et al., 2019; Besard, Churavy, et al., 2019).

Implemented methods. The package includes (a) KDE with parallel ROTs, namely Scott
and Silverman, for rapid baselines and (b) GradePro, engineered to perform rapid adaptive
KDE in multiple dimensions. This implementation effectively performs independent grid-point-
wise density estimation using FFT (Frigo & Johnson, 2005). Throughout the routines, the
necessary memory is reduced by reusing allocated memory, without damaging performance.
The serial version serves as a reference; the threaded version parallelizes routines applied over
the bootstrap re-samples (which are required by the method); the CUDA routines provide
parallelization at each estimated grid-point. Each implemented method naturally exposes all
its parameters up to the user. Convenient defaults are set where reasonable. Figure 3 shows a
flowchart of the implemented algorithm.

Reproducibility and testing. We include timing benchmarks to illustrate the speed gains
obtained from parallelizable KDE algorithms.

Python wrapper. The companion package ParallelKDEpy provides, with the help of
PythonCall.jl (Rowley, 2022), Python bindings to ParallelKDE.j1, offering identical
estimators and device selection for seamless integration in Python-based workflows.
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Figure 3: Flowchart of the parallelizable point-wise density estimation algorithm.
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